Amplified spontaneous emission (ASE) of the Kα1 line and seeded amplified emission of the Kβ lines have been recently observed for Ne gas, Cu compounds and Mn solutions at the LCLS and SACLA X-ray free electron lasers (XFELs), using an X-ray SASE pulse as a pump to create population inversion. In this paper, we propose to use a train of SASE pump pulses, e.g. from LCLS, impinging on a liquid jet of cupric nitrate in a tunable crystal Bragg cavity, to realize an X-ray laser oscillator (XLO) at the Cu Kα1 line. XLO is a novel X-ray source generating fully coherent, transform limited 8 keV X-ray pulses with high photon numbers (5×10 10 ph/pulse) and high spectral resolution (48 meV), tunable over a ∼3 eV range. Using different elements, e.g. Mn, Fe, Zn, etc., XLOs with discrete photon energies in the range of 5 to 12 keV are feasible. With its unique characteristics XLOs will extend research in atomic and molecular science beyond current capabilities.
In the VUV and XUV regions, various seeding schemes including High Gain Harmonic Generation (HGHG) [5] [6] [7] and Echo Enabled Harmonic Generation (EEHG) [8, 9] have been successfully employed to improve the longitudinal coherence and reduce intensity fluctuations. At shorter wavelengths, self-seeding schemes based on gratings (soft x-rays) and transmissive or reflective Bragg monochromators (hard X-rays) have been successfully employed to increase the longitudinal coherence and the spectral brightness [10] [11] [12] [13] [14] [15] [16] . The bandwidth of self-seeded soft X-ray pulses, e.g. at LCLS, is reduced by one order of magnitude with respect to SASE pulses, typically from about 10 −3 to 10 −4 , but the pulses are not transform limited and may require further monochromatization to reduce unwanted background from spectral pedestals [17, 18] . Self-seeding schemes also suffer from large intensity fluctuations, caused by the variations of the seed power after the intra-undulator monochromator and by fluctuations in energy and intensity of the electron beam [19] .
To produce transform limited FEL pulses, one can re- A train of SASE pulses with spacing τ impinges on a liquid jet, generating population inversion and photon emission. The amplified Kα1 signal is recirculated with a roundtrip time that matches τ and outcoupled after N passes. In the figure, the separation between X-ray pump pulses and the cavity size is not to scale.
duce the pulse duration down to a single coherent spike, by making the electron bunch length shorter than the cooperation length [20] . The use of emittance spoilers [21] [22] [23] , the combination of fresh-slice, cascaded amplification [24, 25] , non-linear compression schemes [26] and recently eSASE [27] have succeeded in producing such pulses. However, in these schemes the coherence is achieved by decreasing the pulse duration, resulting in a larger bandwidth and lower photon flux compared to self-seeded modes as well as large shot-to-shot fluctuations.
As in the optical regime, ideally one would like to have an intense, transform limited, fully coherent, shot-to-shot stable, single mode pulse. A number of schemes have been proposed, but not yet demonstrated, to produce such pulses, including the double bunch FEL (DBFEL), the regenerative amplifier (RAFEL) and the X-ray FEL oscillator (XFELO) [28] [29] [30] [31] . While DBFEL might reach very high power levels (approaching TW) and near transform limited pulses, it still suffers from shot-to-shot power fluctuations. The technical challenges for RAFEL and XFELO are mechanical stability, radiation focusing, temporal and transverse beam overlap in the large diamond Bragg crystal cavity wrapped around a long undulator section (40 and 130 m). Ultimately, XFELO could operate with a high-repetition rate temporally equispaced set of long bunches, achieving ultra-narrow bandwidth, about 10 −6 .
In this Letter, we propose a novel approach for producing stable, high power, narrow-band hard X-ray pulses based on employing a population inversion gain medium within an oscillator cavity that is periodically pumped by a train of SASE pulses from an XFEL, as schematically shown in Fig. 1 . Amplified Spontaneous Emission (ASE) has been observed and studied for Ne gas [32] , Cu metal foils [33] and recently for Mn solutions [34] . Here, an intense pump pulse creates a 1s core-hole and spontaneously emitted Kα fluorescence photons along the direction of the population inversion are amplified. Depending on the pump intensity and gain medium, very high values of gain (up to 2 × 10 6 ) were observed and Kα 1 ASE pulses of up to 8 × 10 7 photons/pulse were created starting from noise [34] .
The XLO system described here and shown in Fig. 1 starts with a SASE pump pulse that creates a 1s corehole population inversion followed by ASE in a liquid jet of a concentrated cupric nitrate (Cu(NO 3 ) 2 ) solution, with about 4.2 Cu atoms per nm 3 . After the initial ASE gain in the first pass, the Kα 1 signal is recirculated through the cavity and matched with the arrival of the subsequent XFEL pulse from the pulse train, creating seeded stimulated emission. Once saturation is achieved after 4-8 round trips, the pulse will be outcoupled from the cavity. We have chosen a cupric nitrate solution as a gain medium because the copper Kα 1 photon energy at 8 keV is widely used in X-ray science. Furthermore, cupric nitrate is soluble in high concentrations, does not contain any heavy elements that would reduce the gain by absorbing 8 keV photons, and is straightforward to handle. While we focus on the Cu Kα 1 line and a Si (444) crystal Bragg cavity geometry that matches its wavelength, the XLO concept is not limited to Cu Kα 1 line, and other choices of the lasing medium and matching cavity configurations are possible. In fact, it is possible to switch between different lasing media with minimal change in the cavity geometry. For example, the Fe Kα 1 line at 6.4 keV using a Si (333) Bragg reflection with 67.9 degree Bragg angle, can be easily realigned to match the Zn Kα 1 line at 8.6 keV switching to the Si (444) reflection with a slight realignment to a 66.3 degree Bragg angle.
The XLO Bragg cavity length C l can range from ap-proximately 50 cm to a few meters, depending on the value of SASE train separation τ from 1.7 -10 ns. The cavity length C l and lateral size h are related to the upper and lower crystals separation L, M and Bragg angle θ by:
The optimal size is a compromise between ensuring sufficient time to replace the lasing medium between subsequent pulses in the train, and guaranteeing sufficient mechanical/temperature stability of the cavity. The resulting X-ray laser pulses are highly monochromatic (as defined by the Bragg optics in the cavity), transform limited, and provide one order of magnitude higher pulse energy with significantly enhanced stability compared to monochromatized SASE pulses. While the tunability is limited to the width of the emission line (3-5 eV), such XLOs can be built for various discrete energies using different emission lines that match the desired experimental parameters. The unprecedented pulse quality resulting from this approach will enhance the use of XFELs for a wide range of hard X-ray applications, including coherent X-ray imaging, x-ray scattering, and X-ray interferometry [35] .
To effectively pump the lasing medium, we propose to use a KB mirror setup, upstream of the XLO, as previously employed in the LCLS Mn ASE experiments [34] . Such a setup exists at the LCLS Coherent X-ray Imaging (CXI) instrument, and similar systems are available at the SACLA BL3 and Eu-XFEL SFX beamlines. For the wavelength considered in this study, Silicon and Diamond are optimal for the cavity optics. The characteristics of these two crystals for various diffraction planes, matching the Cu Kα 1 emission line are reported in Tab. I and calculated with dynamical diffraction code XOP [36] . The ASE beam divergence depends on the aspect ratio of beam size and gain length and is of order 1 mrad, well above the Si crystal angular acceptance for good reflectivity. Hence, on the first pass the cavity losses are large, and need to be overcompensated by a large XLO laser gain (10 4 ). At the following passes the losses will be much smaller since the angular spread of the amplified photons matches the crystal acceptance.
To analyze the XLO performance we first consider the amplification process in the lasing medium. The emission from the population-inverted medium is calculated using a correlation function approach [38, 39] . We use the XATOM software [40, 41] to evaluate the photoionization cross section of the copper atom 1s level and the Auger decay time to be 0.0324 Mb and 823 as. The evolution of atomic populations is computed, in a 1D model approximation, via a two-point correlation function of the atomic coherences (polarization) and two-time correlation function of fields.
At the initial stage of the emission, the spontaneously emitted radiation (described in terms of field correlation function) triggers the amplification process. During the propagation through the population inverted medium, the radiation is amplified and the contribution of the spontaneous emission becomes negligible compared to amplified stimulated emission. At this point, the field correlation function can be factorized into classical field amplitudes. Corresponding equations (after neglecting the spontaneous emission contributions) can be factorized as well and become equivalent to the Maxwell-Bloch equations. The field obtained is propagated through the Bragg crystal cavity elements and is used as a seed for the next round of amplification. Starting with the second round, the spontaneous Kα 1 emission along the gain medium is much weaker than the recirculated seeding field and the contribution of the spontaneous emission terms can be neglected leading to a description in terms of Maxwell-Bloch equations. In a similar way, Maxwell-Bloch equations are used for the subsequent rounds of amplification.
Photons are recirculated using a tunable four bounce bowtie (+ − −+) Bragg crystal cavity [44] , as shown in Fig. 1 . Its optical properties are graphed in Fig. 2 . The bowtie cavity is tuned to ensure the exact spectral alignment of the Cu Kα 1 peak wavelength with the Bragg reflection angle and temporal alignment with the pulse train separation τ . The first crystal (upper left) is thin and highly transparent for the incident pump pulse at 9 keV, yet highly reflective at the Bragg angle of the Cu Kα 1 peak. One of the other three crystals (e.g. upper right in Fig. 1 ) is also thin but highly reflective at the chosen wavelength. It is used to outcouple the Xray pulse when it has reached saturation after several amplification cycles. Outcoupling is done by switching to a status with large transmission and near zero reflection. Several techniques for radiation outcoupling, e.g. a small fast rotation or heating with a laser pulse, can be employed and are currently being studied [45, 46] . We choose the backscattering Bragg geometry as it provides a large angular acceptance while reducing the bandwidth, see Tab.I and Fig. 2 . The Darwin width of the Bragg reflection defines the spectral-angular acceptance and the corresponding X-ray pulse length and lasing medium radius. Using the Si (444) reflection gives a 48 meV bandwidth, while the dimanond C*(400) reflection gives a 65 meV bandwidth with a more then two times smaller angular acceptance.The cavity tolerances in the crystal angle and position have been estimated to be of the order of 1 µm and 1 µrad, well within the capability of present day crystal support and alignment systems.
To understand the salient features of the XLO cavity we use the formalism of Fourier optics and dynamic diffraction theory in perfect crystals [47] [48] [49] [50] . We select flat symmetric crystals to alleviate any additional azimuthal angle effects on the Bragg diffraction [47] . We evaluate the crystals Darwin reflectivity curves, thickness and Miller indices using the XOP code [36] . The curves obtained are then convoluted with the spectral content of the electromagnetic field. The correction to the Bragg angle θ B for a Gaussian photon beam is given by a simple geometric relation sin θ B ≈ sin θ B0 (1−∆φ 2 /2), where θ B0 is the Bragg angle for a non-divergent beam and φ is the vertical angle with respect to the plane perpendicular to the crystal surface . The effect of vertical divergence is of a second order for |∆φ| < 10 −3 rad and will leave the radiation field mostly intact in φ, while selecting in θ.
The cavity losses are defined by the crystal angular and energy acceptance. The ASE signal angular divergence is approximately defined by the geometry of the lasing medium (1 mrad vertical, 2 mrad horizontal), leading to 99.7% cavity losses for the first pass. The crystal reflectivity curve |R| presented in Fig. 2 (bottom) , where |R| = I H /I 0 , for the initial radiation intensity I 0 and diffracted intensity I H . Furthermore, we utilize a set of two compound refractive lens (CRL) assemblies of f = 52 cm and a collimator in a 4 m cavity to refocus the amplified signal on the jet after four reflections. Fourier optics simulation results corroborate this requirement; see Fig.  2 (top right). After the first pass, the cavity efficiency is given by the crystal reflectivity and the losses in the focusing lenses. We estimate the total efficiency in second and later passes to be about 41%.
Note that, based on Mn ASE results [34] we can obtain up to almost 10 8 Kα 1 photons in the initial pass, providing more than enough signal to overcome the first pass large cavity losses. We now present the results of numerical simulations done using the one-dimensional code [38] , for cupric nitrate as a gain medium, for different values of the pumping power and number of passes in the XLO cavity. The parameters for the simulations are determined by the LCLS pump power and pulse duration, by the optical cavity properties, and by the gain medium geometry. For 9 keV LCLS SASE X-ray pulses we can assume a peak power of 30 to 50 GW with a pulse duration variable between 20 to 60 fs. Using 33.6 GW 60 fs pulse, the corresponding pulse energy is 2 mJ, well within LCLS capabilities.
The cavity crystals define a horizontal angular acceptance of 31.6 µrad; see Tab. I. To alleviate the effect of diffraction, one must satisfy d∆θ ≥ λ/4π, which yields d ≥ 390 nm. The gain medium can be described as a thin cylinder of length 300 µm, defined by the jet diameter, along the pump pulse direction of propagation and an effective radius defined by the KB focusing properties for 9 keV X-ray pump pulse. In our calculation, we assume a gain medium diameter of 800 nm, satisfying the above condition and justifying the use of a 1D simulation code. At this spot size, the Rayleigh length is z R = 3.65 mm, i.e. much longer than the jet size. The vertical angular acceptance is much larger than horizontal, and hence we could optimize the system by having an elliptically shaped pump pulse. While in principle, this solution can yield a better XLO performance, for sake of simplicity, we consider only the case of a gain medium with circular cross section, with the radius defined by the horizontal acceptance. In addition to varying the pump pulse intensity, the gain can also be controlled by the focusing KB optics, albeit with slightly larger cavity losses.
Another important quantity is the number of Cu atoms in the gain medium. Assuming 300 µm length and a 800 nm diameter, there are 6.3·10 11 Cu atoms in the lasing volume, which sets the upper limit for the number of XLO photons at saturation. We denote the initial pass as n = 0, and following passes as n = 1, N , where N = 7. Depending on the pump pulse parameters, in the initial pass the ASE process generates about 10 3 − 10 4 photons starting from noise. After 7 additional passes the total number of XLO photons in saturation reaches up to 7 · 10 10 , as shown in Fig. 3 .
We first consider high gain XLO regime: with 8 pump pulses of 2 mJ. In this case, rapid saturation occurs as early as in the third pass. The maximum number of photons for a 300 µm diameter jet is about 7·10 10 . Thus, the XLO brightness is comparable with existing hard x- ray self-seeding (HXRSS) XFEL, while offering an order of magnitude reduction in bandwidth and much better stability. We then consider the low gain case with a SASE train of 8 pulses of 1 mJ, thus reducing the gain in the medium, and gradually building up the cavity power.
In this case, radiation supermodes start to form, similarly to [52, 53] . We note that the mode shape is determined by the nonlinear gain, pictured in Fig. 3 and crystal reflectivity shown in Fig. 2 . After 4 passes, the resulting XLO radiation time-bandwidth product is essentially transform-limited and is equal to 1.8 fs·eV. The degeneracy parameter is estimated to be about 10 10 .
Multi-bunch LCLS Cu linac capability has been demonstrated previously with up to 4 bunches and various time separations from 10 to 200 ns [54] [55] [56] . In the low-gain regime, we expect to raise the number of linac pulses to 8. The SASE pump creates a plasma channel of high temperature, giving rise to a shock wave (rarefaction wave) and the lasing medium must be replenished before the next pump pulse arrives, and the stability of the jet has to be guaranteed. Recent experiments with slow water jets (≤30 m/s) and LCLS Cu linac two-bunch mode [57] revealed the shock wave travel time to be of the order of tens of nanoseconds. We are now testing similar effects with more powerful jets that have much higher speeds. The minimal replenishing time T medium will ultimately define the smallest realistic cavity size for XLO operation [58, 59] . Furhtermore, the cavity transit time, T CAV , must also be a multiple of the linac RF period T RF =350 ps: τ = T CAV = nT RF > T medium . The advantages when using a small τ are reduced time jitter in the SASE pump pulses, and more stability due to a compact cavity size.
In conclusion, we present a novel scheme to realize an XLO operating in the 5 to 12 keV photon energy range using an XFEL pulse train as a periodic pump and a liquid jet gain medium. We discuss the oscillator's cavity, based on Bragg reflection optics in a bowtie configuration and explore the performance of a cupric nitrate lasing medium in various gain regimes. We show that the XLO can generate intense X-ray pulses that are transversely coherent and nearly or fully transform limited, with a FWHM bandwidth of 48 meV. The potential scientific applications of this novel X-ray source are extensive and include coherent imaging, inelastic scattering, X-ray interferometry.
